In this note we show how to rederive the A 2 Rogers-Ramanujan identities proven by Andrews, Schilling and Warnaar using cylindric partitions.
Introduction
The Rogers-Ramanujan identities were proved in 1894 by Rogers and in the 1910s by Rogers and Ramanujan [13] . They are (1) n≥0 q n(n+i) (q; q) n = 1 (q 1+i ; q 5 ) ∞ (q 4−i ; q 5 ) ∞ .
with i = 0, 1 and where (a, q) ∞ = i≥0 (1 − aq i ) and (a; q) n = (a; q) ∞ /(aq n ; q) ∞ . There were many attempts to give combinatorial proofs of these identities and the first one is due to Garsia and Milne [10] . Unfortunately no simple combinatorial proof is known. Recently in [5] , the author presented a new bijective approach to the proofs of the Rogers-Ramanujan identities via the Robinson-Schensted-Knuth correspondence as presented in [12] . The bijection does not give the Rogers-Ramanujan identities but the Rogers-Ramanujan identities divided by (q; q) ∞ ; namely :
(2) 1 (q; q) ∞ n≥0 q n(n+1) (q; q) n = 1 (q, q 2 , q 2 , q 3 , q 3 , q 4 , q 5 ; q 5 ) ∞ ;
with (a 1 , . . . , a k ; q) ∞ = k i=1 (a i ; q) ∞ . This proof uses the combinatorics of cylindric partitions [9] . We interpret both sides as the generating function of cylindric partitions of profile (3, 0) and the bijection is a polynomial algorithm in the size of the cylindric partition. The idea to use cylindric partitions is due to Foda and Welsh [11] in a more general setting: the Andrews-Gordon identities [1] . For k > 0 and 0 ≤ i ≤ k, these identities divided by (q; q) ∞ are
Foda and Welsh interpret the sum side as a generating function for (what they call) decorated Bressoud paths and the product side is interpreted as the generating function of cylindric partitions of profile (2k + 1 − i, i). See [11] for more details.
In this note, we want to take the idea to use cylindric partitions for Rogers-Ramanujan type identities a bit further. We give an alternative proof of the A 2 Rogers-Ramanujan identities due to Andrews, Schilling and Warnaar [2] .
Four of the identitites appeared in Theorem 5.2 of [2] and the fourth one is conjectured in Section 2.4 of [7] .
In this note we prove that the generating functions of certain cylindric partitions (indexed by compositions of 4 into 3 parts) whose largest part is at most n is:
This result gives a finite version of the sum side of the A 2 Rogers-Ramanujan identities. When n goes to infinity, we recover the sum side of the identities of Theorem 1.1 divided by (q; q) ∞ . We also explain how to get the product side. It is a corollary of a result of Borodin [3] . We start by defining cylindric partitions and compute the product side in Section 2 and we compute the sum side in Section 3.
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Cylindric partitions and the product side
Cylindric partitions were introduced by Gessel and Krattenthaler [9] and appeared naturally in different contexts [3, 4, 6, 8, 11, 14] . Let ℓ and k be two positive integers. In this note, we choose to index cylindric partitions by compositions of ℓ into k non negative parts.
j+c1 . for all i and j.
For example, if c = (2, 2, 0), the sequence Λ = ((3, 2, 1, 1), (4, 3, 3, 1), (4, 1, 1)) is a cylindric partition of profile c. One can check that for all j, λ
j+2 for all j. Note that this definition implies that cylindric partitions of profile (c 1 , . . . , c k ) are in bijection with cylindric partitions of profile (c k , c 1 , . . . , c k−1 ).
Our goal is to compute generating functions of cylindric partitions of a given profile c according to two statistics. Given a Λ = (λ (1) , . . . , λ (k) ), let
j , the sum of the entries of the cylindric plane partition and • max(Λ) = max(λ
, the largest entry of the cylindric plane partition. Going back to our example, we have |Λ| = 24, and max(Λ) = 4.
Let C c be the set of cylindric partitions of profile c and let C c,n be the set of cylindric partitions of profile c and such that the largest entry is at most n. We are interested in the following generating functions. A surprising and beautiful result is that for any c, the generating function F c (q) can be writenn has a product formula. Namely, let t = k + ℓ. Then
The original result is written is a different but equivalent form.
In this note, we consider the case ℓ = 4 and k = 3. As cylindric partitions of profile (c 1 , . . . , c k ) are in bijection with partitions of profile (c k , c 1 , . . . , c k−1 ), we need to compute the generating functions of the compositions (4, 0, 0), (3, 1, 0), (3, 0, 1), (2, 2, 0), and (2, 1, 1). We now apply the previous theorem:
These are exactly the five products in Theorem 1.1 divided by (q; q) ∞ .
The sum side
We 
with the conditions F c (0, q) = 1 and F c (y, 0) = 1.
Proof. The proof is an easy inclusion exclusion argument. Fix J such that ∅ ⊂ J ⊆ I c . We want to compute the generating function of cylindric partitions Λ of profile c such that λ (j) 1 = max(Λ) for all j ∈ J. Start with a cylindric partition of profile c(J), M = (µ (1) , . . . , µ (k) ) such that max(M ) = n. Then, fix an integer m ≥ 0 and create a cylindric partition Λ = (λ (1) , . . . , λ (k) ) with max(Λ) = m + n with the following recipe: J) . It is easy to check that Λ is of profile c and that λ (j) 1 = max(Λ) for all j ∈ J and that any such cylindric partition can be built this way. Therefore the generating function of such cylindric partitions is
Given a cylindric partition Λ = (λ (1) , . . . , λ (k) ) of profile c, the maximal entry max(Λ) must be equal to some λ (i)
Hence by inclusion exclusion,
with G c (0, q) = G c (y, 0) = 1. Let us use G c (y) for G c (y, q) to shorten notation. We now apply Proposition 3.1 to the case ℓ = 4 and k = 3 and get :
Theorem 3.2. We get
Proof. We apply the general result of (5) to the case ℓ = 4 and k = 3 and we get G (4,0,0) (y) = G (3,1,0) (yq),
We simplify these equations and get:
The equations of the theorem are solutions of this system of equations with the condition that G c (0, q) = G c (y, 0) = 1 for any composition c. This can be proven by induction on the coefficient of y. The coefficients of y 0 is one. Then if we suppose the result true for the coefficient of y n for all n < n 1 , we can prove it is true for n 1 . Let us denote by g c (n) the coefficient of y n in G c (y). The equation for G (2,1,1) (y) is equivalent to (1 − q n1 )g (2,1,1) (n 1 ) = (q n1 + q 2n1−1 )g (2,2,0) (n 1 − 1) +q 4n1−1 g (3,1,0) (n 1 − 1) + q 3n1−1 g (2,1,1) (n 1 − 1).
Using induction, we get:
We can then compute g (2,2,0) (n 1 ), g (3,0,1) (n 1 ), g (3,1,0) (n 1 ) and finally g (4,0,0) (n 1 ).
Proof of Theorem 1.2. In order to finish the proof of Theorem 1.2, we use the fact that F c (y, q) = G c (y, q)/(yq; q) ∞ and that the generating function F c,n (q) is
Proof of Theorem 1.1. Let us now comment on how to get the end of the proof of Theorem 1.1. The right hand side of the five identities correspond to Corollary 2.3. To get the sum side; we first let n tend to infinity in Theorem 1.2 and multiply by (q; q) ∞ . We get directly the left hand side of the first, second and fifth identities. Let us show how to get the left hand side third identity. Theorem 1.2 states that the generating function of the cylindric partitions of profile (3, 0, 1) and largest entry at most n is:
F (3,0,1),n (q) = n1,n2 q n 2 1 +n 2 2 −n1n2 (q; q) n−n1 (q; q) n1 q n1 2n 1 n 2 + q 2n2 (1 − q n1 ) 2n 1 − 2 n 2
We let n → ∞ and multiply by (q; q) ∞ in (6) After the change (n 1 , n 2 ) → (n 1 + 1, n 2 − 1) in the second sum, we get This is the left hand side of the third identity of Theorem 1.1. We leave the computation for the left hand side of the fourth identity to the reader. One needs to show that n1,n2 q n 2 1 +n 2 2 −n1n2+n2 (q; q) n1 2n 1 + 1 n 2 equals n1,n2 q n 2 1 +n 2 2 −n1n2 (q; q) n1 q n1 2n 1 n 2 + q n2 (1 + q n1+n2 )(1 − q n1 ) 2n 1 − 2 n 2 .
